A complete set of localized orthogonal wave functions for an electron at the lowest Landau level is found. The quantum numbers of these states are the positions of their centers which form a von Neumann lattice. The function localized at the origin has a nearly Gaussian shape exp(−r 2 /4l 2 )/ √ 2π for r < ∼ √ 2πl. However, it oscillates and decreases as r −2 for r > ∼ √ 2πl; l is the magnetic length. These functions form a convenient basis for many electron problems.
Computational methods for interacting electrons in a strong magnetic field have been developing rapidly in the last decade [1] . They employ different sets of single-electron wave functions which dictate the geometry of the system and the quantum numbers of manyelectron states. The pioneers of these calculations Yoshioka et al. [2] and Maki and Zotos [3] used plane geometry, and the symmetry classification of the many-electron functions in it was proposed by Haldane [4] . However, afterwards the majority of authors switched to the spherical geometry proposed and developed by Haldane and Rezayi [5] . In the plane geometry either Landau functions [2] or localized functions called coherent states [3, 6] were used. We think that the localized functions have advantages not only as applied to the Wigner crystal theory [3, 6] , but also for numerous single-and many-electron problems [7] including the systems with a strongly inhomogeneous potential distribution. We feel that employing localized functions might be especially effective in conjunction with the newly developed technique [8] which takes advantage of the domination of the Hartree-Fock energy over the correlation energy in 2D electron phases and uses the low-energy Hartree-Fock electron configurations as a starting point.
However, until now no complete and orthogonal set of such eigenfunctions has been proposed. The coherent states [9] , which are the most compact stable wave packets, are the only localized 2D functions which have been used previously. Of particular interest are von Neumann's lattices of coherent states c mn (r) of the lowest Landau level (LLL), where indices m and n show positions of lattice sites. The area of a unit cell equals 2πl 2 for a von Neumann's lattice, and the system of functions c mn (r) was shown to be complete [10, 11] .
Here l is a magnetic length; below l = 1. However, practical application of the coherent functions c mn (r) was hampered by two facts. First, functions c mn (r) are not orthogonal.
Second, it was shown [10] that there exists one linear relation between these functions, hence, the system is actually overcomplete and expansion in c mn (r) is not unique. Our attempts to orthogonalize the set c mn (r) by Gram -Schmidt process were unsuccessful because at each step of the process the functions became more delocalized.
In what follows we construct von Neumann's lattices of the states W mn (r) which are localized and orthnormal inside a given placket, while periodic with a placket size with regular or twisted boundary conditions. We also build an similar complete orthnormal set of localized functions w mn (r) for the infinite plane geometry. The function w 00 (r) centred at the origin has two different scales. It is close to the coherent state c 00 (r) = exp(−r 2 /4)/ √ 2π for r < ∼ √ 2π, however, it oscillates and decreases as r −2 for r > ∼ √ 2π. The r > ∼ √ 2π region contributes only about 5% to the normalization integral. Therefore, functions w mn (r) are well localized.
Let us choose a rectangular unit cell with sides a and b such that ab = 2π and a normalization placket with sides L x = αa and L y = βb, where α and β are integers. It is convenient to define functions c mn (r) for arbitrary m and n as c mn (r) = T ma T nb c 00 (r) = (−)
where R mn = ma + nb. The products T ma T nb are considered as elements of the outer Kronecker product G a ⊗G b forms an Abelian group, and one can introduce a two-dimentional momentum k and perform a transformation to the momentum representation:
Values of k can be chosen either from the regular periodic boundary conditions for Ψ k (r) with respect to the magnetic translations [13] with periods L x and L y , or from φ-periodic conditions when some twist φ = (φ x , φ y ) is added [14] . Therefore, the components of k take
inside the Brillouin zone. Here components s x and s y of the vector s = (s x , s y ) are integers which take values 1 ≤ s x ≤ α and 1 ≤ s y ≤ β, respectively. Normalization coefficient ν(k)
is determined by the equation
Functions c mn (r) obey Perelomov's overcompleteness equation [10] 
Therefore, they are linearly dependent. Transformation of Eq. (2) allows one to get a system of the functions Ψ k (r) which is complete and orthonormal under the conditions specified below. The overcompleteness equation (5) eliminates one and only one function from the set. Namely, the function Ψ k 0 (r), where k 0 stands for the corners of the Brillouin zone, can not be avoided only for the following singular sets: i) when both α and β are odd and φ x = φ y = π, ii) when α is odd, β is even, and φ x = π, φ y = 0, and iii) when both α and β are even and φ x = φ y = 0.
With these exceptions the inverse Fourier transformation of Ψ k (r) results in a set of complete and orthonormal Wannier-type functions:
where
Functions W mn (r) are periodic in r with the twist φ with respect to magnetic translations on L x ,L y .
We also introduce the non-periodic functions w mn (r) for an infinite plane. Like the coherent states c mn (r), they are localized near the m, n sites, however, they form an orthonormal and complete set. Functions w mn (r) can be found from Eq. (6) by substituting the kernel K φ (m, n) by the kernel K ∞ (m, n). The latter differs from K φ (m, n) only by change from summation to integration over the Brillouin zone:
This kernel is obviously independent on φ. The functions w mn (r) are localized at the lattice sites m, n and are φ independent.
The asymptotic behavior of K ∞ (m, n) and w 00 (r) can be found analytically. The function 
As a result, the denominator of the expression on the right hand side of (8) 
To evaluate the leading term in the large-r expansion of w 00 (r) we note that for m = n = 0 the right hand side of (6) includes the product of the factor K ∞ (m ′ , n ′ ), whose denominator slowly depends on its arguments m ′ and n ′ , and of the factor c m ′ n ′ (r), which decreases with m ′ , n ′ exponentially for a fixed value of r. For the kernel K ∞ one can use the asymptotic form (10) and neglect the higher order contributions to it. Then we expand the kernel
in a small deviation of the vector m ′ a + n ′ b from r and retain the first two terms. The first term of the expansion can be factored outside the sum sign in (6) , and the sum turns into zero due to the identity (5). Therefore, the l/r term in the large-r expansion of w 00 (r) turns into zero. The second term of the expansion results in
This asymptotic expansion for w 00 (r) shows oscillating behavior with the amplitude decreas-
Numerical results support all of the above conclusions and shed more light on the shape of the functions K ∞ (m, n) and w 00 (r). The asymptotic expansion of the kernel K ∞ (m, n), Eq. (10), has a satisfactory accuracy up to the values |m|, |n| ≈ 1, e.g., the deviation of
288 from its approximate value following from Eq. (10) is only about 2%.
The coefficient K ∞ (0, 0) ≈ 1.241 is larger than all the coefficients K ∞ (m, n) with m, n = 0.
The square of the modulus of the function W 00 (r) as well as the real and imaginary parts of W 00 (r) are shown in Fig. 2 for the square lattice with α = β = 3 and φ = 0. It is seen that |W 00 (r)| 2 is nearly isotropic and well localized in the area of about √ 2π near the origin. Re{W 00 (r)} is also rather isotropic and well localized. Im{W 00 (r)} is small and highly anisotropic in the same region. For a square lattice, the function Im{W 00 (r)} ∝ Im{(x+iy) 4 } for small |z| as can be shown by expansion of W 00 (r) in powers of z = x + iy .
The infinite plane function w 00 (r) is shown in Fig. 3 . We have checked the completeness of W mn (r) and w mn (r) bases by calculating the func-
which does not depend on the specific choice of a complete basis set of the LLL. It is known that for an infinite system
By substituting Eqs. (6) and (8) The W mn basis was also applied to a two-electron Coulomb problem. The results have shown a fast convergence to the exact limit [15] for the regions 3 × 3 and 5 × 5.
In conclusion, we have found a new representation for the wave functions of an electron in a magnetic field in terms of a complete orthonormal set of localized functions and have shown that they provide an effective tool for practical calculations for many electron systems.
We are shown in the region x ≥ √ 2πl by solid, dotted and dashed lines, respectively.
